The torque a particle experiences in a monatomic gas in non-equilibrium is calculated with the method Waldmann originally used to compute the force. For a particle which is much smaller than the mean free path in the gas this method involves the following two essential steps: i) with the help of a boundary condition the torque is expressed by the velocity distribution function of the gas atoms approaching the particle; ii) this undisturbed distribution function is approximated by a moments-expansion, restricted here to thirteen moments. In the resulting expression for the torque the pressure tensor and the local vorticity in the gas occur. The geometrical factors are given for particles shaped as spheroids, cylinders and spherocylinders.
Forces on particles suspended in a nonhomogene ous gas are of wide interest, in particular for the physics of aerosols, and have fascinated scientists from Tyndall's time [1] up to now [2] . Over a period of twenty years the theoretical and experimental aspects of this topic again and again played a role in Waldmann's work. The general method for cal culating the forces on particles much smaller than the mean free path in the gas had been developed in 1959 [3] . Its basic ideas can be summarized as follows. By the use of a boundary condition the velocity distribution function of gas atoms leaving the particle is expressed by the distribution j-inc of atoms approaching it. Consequently, the force per unit area of the particle is determined by /mc only. Since the particle is small, its presence does not essentially influence /inc. For the undisturbed dis tribution function an expansion is inserted, and the force is obtained as a sum over several terms each of which is a product of a gas-moment times a geometrical shape factor of the particle. In partic ular, results are stated [3] for a sphere in monatomic gases, viz. in a streaming and heat conducting pure gas and in a diffusing binary mixture. Epstein's ex pression [4] for the friction force was confirmed, and instead of Einstein's approximate formula [5] exact result for the thermal force was obtained. Experimental data on thermophoresis by Schmidt [6] and on diffusiophoresis by Schmitt and Wald mann [7] estabhshed the range of applicability of the theoretical work [8] , [9] . More recent thermo phoresis measurements by Davis and Adair [10] clearly revealed the practical importance of the "Waldmann limit".
Waldmann's work has been extended to poly atomic gases containing small spheroidal particles [11] . This concept has also been used to calculate the thermomagnetic force [12] , [13] , [14] , i.e. the influence of a magnetic field on the force experienced by a particle in a heat conducting polyatomic gas. Experiments by Davis [15] confirmed the theoret ically predicted connection between the thermo magnetic force and the Senftleben-Beenakker effect of thermal conductivity [16] .
For particles which are much larger than the mean free path in the gas the hydrodynamic results apply; the expressions for the friction force on an ellipsoid [17] , [18] can easily be extended to thermo phoresis (see e.g. [11] ), thus generalizing Epstein's formula for the thermal force on a sphere [19] .
The rather complex situation in the transition regime between hydrodynamics and the "Wald mann limit" attracted Waldmann's attention in the last decade. As it turned out, the consequent use of generalized hydrodynamics and thermodynamically consistent boundary conditions [20] led to a satis factory description of friction force and thermal force data over a wide pressure range [21] , [22] .
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In this paper, Waldmann's method [3] is applied to the calculation of the torque on a small particle immersed in a monatomic gas. The boundary con dition for the distribution function is taken in a form containing two accommodation coefficients [23] . For the distribution function /inc a "thirteen moments" expansion is used as an approximate solution of the linearized Boltzmann equation [24] , i.e. the state of the gas is described by the local density, temperature, flow velocity, heat flux and symmetric traceless pressure tensor. The resulting torque consists of two contributions: the first one is proportional to the pressure tensor in the gas and leads to an orientation of the particle in a shear flow; the second one is determined by the local vorticity to in the gas and causes the particle to rotate with the fluid. With to = -& the second term essentially reduces to the expression obtained by Halbritter [25] for the torque on a spheroid rotating with angular velocity £2. The geometrical shape fac tors given in both cases for spheroids, cylinders and spherocylinders are of the order a3, respectively a4 where a is a typical length of the particle.
In the Appendix, the hydrodynamic formulae for the torque on spheroids as calculated by Gans [26] are listed for convenience. on the surface element dor of a particle at rest. The distribution function f(t, x, c) of the gas atoms of mass m depends on time t, space coordinate x and velocity c. With the help of the Heaviside function fl > 0 P +(e ) -j 0 for c < 0 the force in (1.1) has been split up into the contri butions from the atoms approaching the surface, i.e. with positive normal velocity c = c • n , n : outer unit normal of the gas, and from those leaving the surface (i.e. c < 0 ). Utilizing a boundary condition, the distribution of outgoing atoms, P+(-c) /, is expressed by the dis tribution of incoming atoms, P+(c) f. In a simple model with two accommodation coefficients [23] this relation at the particle's surface a has the following form (x eo ):
The coefficient a characterizes the fraction of gas atoms leaving the surface with the local Maxwelhan l 3/2 fp(c) = np m 2 n k T p exp 2 Jc Tt (1.4) corresponding to the temperatur Tp of the particle (k is Boltzmann's constant); the "density" np is determined by the incoming flux according to
Whereas a (0 ^ 1) is the probability of thermalization of atoms by the surface, ß{l -a) and and replacing np by the integral from Equation (1.5).
In the resulting expression for the force,
only P + (c) / occurs, the distribution of gas atoms approaching the particle. Since the particle is much smaller than the mean free path in the gas, its influence on the incoming distribution finc = P+{c) f will be negligible. Hence, in /inc we will replace / by the distribution of a monatomic gas containing no particle at all. In particular, the undisturbed distribution is written as /mc = P+(c)f = P+(c)/o(l + 0 ) , (1.8) and for the "small" deviation 0 from the equilib rium Maxwellian (density uq, temperature To)
an approximate solution of the linearized Boltzmann equation is used [24] 0 n -no no 2 j/2 5 p0c0
Po which contains the thirteen moments (which are functions of t, x) density n, temperature T, flow velocity v, heat flux q and symmetric traceless pres sure tensor p . The dimensionless velocity c, co = (kTolm)1'2 y * co and the equilibrium gas pressure p0 = n0 k To have been introduced. Now, the expansion (1.8), (1.9) of /inc is inserted into Eq. (1.7), and the integration over the velocity half space c > 0 is performed. After consequent hnearization with respect to small deviations from equilibrium, the following expression for the force is obtained dK = (n[Z<0) + n • X«» + n n : X«»] + X(i) + n-X(D}d(7, ( 1 Po Xd) = (1 -i«odd 71 Cq
Co is an abbreviation for Co = Co/j/2 71.
In order to get the force and the torque, Eqs. (1.10) and (1.2) have to be integrated over the surface a. At a, the "moments" X( % fll will vary only very little since the particle is small. Hence it certainly is sufficient to use a first order Taylor series ex pansion
with the origine * = 0 chosen to coincide with the center of mass of the particle. Accordingly, the force K and torque M,
consist of two contributions X<°), M<°) and KW, M^1) which are derived from and respectively. Integration over a now only involves products of n and x leading to geometrical shape factors.
The Force
The force K<°> is obtained from Eq. Now we assume that the particle has a symmetryaxis s, then all integrals containing an odd number of nv vanish, e.g. §nvnxnßd(j = 0, and all integrals over an even number of nv can be expressed by an even number of sv, e.g. [11] . Results for F = F \ and N = \( F \ -F 2)/Fi are given in [11] for prolate and oblate spheroids; for a cylinder of radius a and length h one has F 1 = 2 n a (a + h), F 2 = 2 n a 2, and for a spherocylinder consisting of a cylinder (radius a, length h) with spherical caps vanish, hence the force is given by + f n uxv nAnx da Z( ?\x.
According to Eqs. (1.11), (1.14) and (1.15), KM is determined by gradients of temperature, pressure and symmetric traceless pressure tensor. Compared to terms in the contributions to K*1) are smaller by a factor of a/l 1 where a is a charac teristic dimension of the particle and I is the mean free path in the gas. Therefore, the force KM will not be discussed further. .14) is determined by the sym metric traceless part p of the pressure tensor p :
Obviously, p can also be replaced by p = p 8 + p. The torque M<°> is perpendicular to the figure axis s of the particle and to the "local force per unit area" p • s in the gas. In a steady state, the thirteen moments ansatz [20] may be used in Equation (3.3) . Consequently, the torque contains a first order derivative of flow velocity, and second order derivatives of tempera ture and of pressure, all taken at x = 0. Further more, is proportional to the transport con stants rj (shear viscosity) and X (thermal conduc tivity).
In a steady state particles subject to stresses will preferentially be oriented such that the torque M<°) vanishes. In particular, in a plane Couette flow with " / dvx » = -2 " U r the axis of the particle has to be oriented under 45° with respect to the unit vectors ex and ez, « = ± (e* ± e2) , or it has to be perpendicular to both s = i Cj X e2, in order to have M<°) = 0. For a sphere and for a cylinder, due to F i = F 2, F0 = 0, (3.6) the torque vanishes from geometrical reasons M< °> = 0.
If the particle is shaped as a spherocylinder (radius a, length h), the torque is nonzero since Vo = \ n a l h (3 .7) apphes. Spheroids with semi-axes a\\ and a± parallel and perpendicular to s, respectively, have the volume For a rod, e -> 1, Fo also goes to zero, viz.
The maximum value (for fixed a\\) Now, the second rank tensor is spht up into its irreducible components, the isotropic, symmetric traceless and the antisymmetric parts: = (0/&fc) X ? = 10^X7-X<r) + V X t t + t e xAT(rotX(r))T.
Because of the relations J x X n * -n d c r = 0, * X * = 0, the isotropic terms (which are proportional to dxX) do not contribute to M*1). According to Eqs. (1.12), (1.13) the symmetric traceless components VX<r> contain Vv and Vq, hence, the ensuing contribu tions to M<D are of the same type as those occur ring in M(°) (via Eqs. (3.3), (3.4) ), but are smaller in magnitude by a factor of a/l<g 1. Consequently they are dropped in the following. We are only interested in contributions to M<D which are dif ferent from the terms in M<°>, i.e. in the rot X<r> components of the antisymmetric part of :
The surface integrals
are characterized by four geometrical factors: 
Co + $(H 1 -H 2)(i
This torque is independent of the transport coef-^/-direction: ficients r] and A; it causes the particle to rotate 1 locally with the angular velocity ß = to, where the corresponding "rotational relaxation times" t\\, r ± are determined by the coefficients wh w± and by Consequently, under the combined action of M<o> and MW the particle preferentially will rotate with co around its axis s which will be aligned parallel to to. With aodd = 2 -a, H 2 = 0 and co = -£2 the tor que Md) from Eqs. (4.6) -(4.9) is identical to the expression derived in a quite different way [25] for spheroids rotating with angular velocity ß . The form factors for prolate spheroids are given by the the local vorticity in the gas is parallel to the following formulae: Now, let us look at the torque on a particle of size a as a function of gas pressure po or mean free path I = r] co/po • In the hydrodynamie regime (see Appendix) the torque M h oc rj a3 rot v , I a , is independent of pressure (rot v has to be taken at infinity). If the mean free path is increased, the torque decreases to Po MW oc -a4 rot v = r?a3rot v ail, I > a , Co which is by a factor of aß 1 smaller than at high pressure. At "low pressure" there is also a torque which is determined by the shear stresses rj Vv, M<°> oc rja3Vv, If» a, and which is independent of p0. This is due to the fact that the distribution function for a dilute gas has been used in calculating M<°>. With the distribu tion function of a rarefied gas also will get pro portional to the pressure. For convenience the formulae calculated by Gans [26] for the torque on a spheroidal particle much larger than the mean free path in the fluid are given below. The solution of the linearized hydrodynamie equations for a fluid with vorticity co = \ rot v far away from the particle (which is at rest) leads to the expression 
